Applicability of regular particle
shapes in light scattering

calculations for atmospheric ice particles

Andreas Macke and Michael |. Mishchenko

We ascertain the usefulness of simple ice particle geometries for modeling the intensity distribution of
light scattering by atmospheric ice particles. To this end, similarities and differences in light
scattering by axis-equivalent, regular and distorted hexagonal cylindric, ellipsoidal, and circular
cylindric ice particles are reported. All the results pertain to particles with sizes much larger than a
wavelength and are based on a geometrical optics approximation. At a nonabsorbing wavelength of
0.55 pm, ellipsoids (circular cylinders) have a much (slightly) larger asymmetry parameter g than regular
hexagonal cylinders. However, our computations show that only random distortion of the crystal shape
leads to a closer agreement with g values as small as 0.7 as derived from some remote-sensing data
analysis. This may suggest that scattering by regular particle shapes is not necessarily representative
of real atmospheric ice crystals at nonabsorbing wavelengths. On the other hand, if real ice particles
happen to be hexagonal, they may be approximated by circular cylinders at absorbing wavelengths.
© 1996 Optical Society of America

1. Introduction

The major problem in modeling the solar radiative
properties of cirrus clouds is the nonsphericity of
atmospheric ice crystals that prevents efficient ana-
Iytical treatment of their single scattering properties.
Fortunately, the majority of ice particles are consid-
erably larger than the wavelengths of the incoming
solar radiation, especially in the visible spectral
region. Therefore, the geometrical optics approxi-
mation offers a conceptually simple although time-
consuming way to simulate single scattering by
almost arbitrarily shaped scatterers.!> Whereas
these papers take more and more complex particle
geometries such as bullet rosettes, dendrites, or
polycrystals into account, in this paper we examine
the possibility of representing the scattering proper-
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ties of atmospheric ice crystals by simple ellipsoidal
and circular cylindrical geometries. One advantage
is that ray-tracing computations for simple geom-
etries are much faster than for polyhedral crystal
shapes that accelerate averaging over particle sizes
and eccentricities or multispectral calculations.
On the other hand, the three (two) semiaxes of an
ellipsoid (circular cylinder) allow for a variability of
particle shapes that may cover to some extent the
natural variability of atmospheric ice crystal habits.

Another motivation arises from uncertainties in
our knowledge of real ice particle shapes. The
study of observationally derived two-dimensional ice
crystal shadow images® or replicas’8 clearly demon-
strates that solid hexagonal columns or plates are a
strong idealization of atmospheric ice crystals.
However, statistically reliable shape information is
difficult to extract from these data, partly because of
the strong natural variability. Therefore it appears
reasonable to ascertain the use of nonhexagonal but
still simple geometries as substitutes for a polydisper-
sion of complicated ice particle shapes.

Because of the lack of sharp edges, ellipsoids do
not provide strong halos that are characteristic of
regular hexagonal particles. However, the absence
of these features, as reported in a number of radi-
ance measurements in or above cirrus clouds,®10
emphasizes the potential use of nonhexagonal par-
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ticle shapes. Acircular cylinder basically shows the
46° halo that is due to a minimum deviation at 90°
ice prisms. However, the magnitude of this halo
component is extremely weak. Furthermore, melt-
ing processes at warmer altitude levels of cirrus
clouds or at levels at which mixed phases occur may
result in smooth particle boundary surfaces, which
may be better approximated by ellipsoids or circular
cylinders than by sharp-edged hexagonal particles.

Recent studies of solar reflectivities'’12 show that
an agreement between measurements and model
results requires an asymmetry parameter [see Eq.
(2)] as small as 0.7. Hexagonal particles, on the
other hand, provide values around 0.8 and larger.
Therefore, it is interesting to see how other simple
particle shapes compare with these values.

The T-matrix method!? allows for exact solutions
of scattering by randomly oriented rotational sym-
metric particles'* with size parameters as high as
100.15 At infrared wavelengths for which geometri-
cal optics is not always an acceptable approximation,
especially for smaller ice crystals, our results may
give some indications regarding the most promising
particle shape for future T-matrix applications.

We are aware that atmospheric ice particles are
neither ellipsoidal nor circular cylindric. However,
for the reasons pointed out above in this paper we
ascertain the possibility of approximating light scat-
tering on real ice particles by these simple geometries.
Based on the observationally derived indications
stated above, a certain particle shape can be re-
garded as a good approximation if its scattering
properties are more isotropic than those of hexago-
nal cylinders. A discussion of light scattering by
ellipsoids and circular cylinders may be interesting
in its own right. The origins of the most important
scattering features are explained in Sections 3 and 4.
However, our major focus in this paper is a compari-
son between different particle shapes. A more de-
tailed investigation of light scattering by these simple
geometries including the full phase matrix will be a
subject of future research.

In Section 2 we describe the ray-tracing model and
the geometry of the particles used in this study.
Comparisons between the scattering properties of
nonabsorbing aspect-ratio-equivalent hexagonal cyl-
inders, ellipsoids, and circular cylinders are shown
in Section 3. In Section 4 we investigate to what
extent absorption affects the scattering features of
the individual particle types. For simplicity we
focus on the most important photometric characteris-
tics of light scattering, i.e., the scattering phase
function and related quantities. Other phase ma-
trix elements are not discussed. Given the high
accuracy of the scalar approximation in solving the
radiative transfer equation,!® this is fully justified
unless polarimetric remote sensing is concerned.
The latter requires close consideration of the true
particle shapes since polarization features are known
to be extremely shape dependent for moderate to
large particle sizes.!”? Therefore, note that the
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similarities and differences in the scattering phase
function discussed below may not hold for the remain-
ing phase matrix elements.

2. Ray-Tracing Model and Particle Geometry

The present ray-tracing model is basically identical
to the one described in Ref. 5 in which the next point
of intersection of a light ray with a polyhedral crystal
surface can be determined by applying a search
algorithm along all the individual crystal facets.
Since this procedure has to be carried out after each
reflection or refraction event, computation time in-
creases strongly with an increasing number of facets
defining the particle. On the other hand, the next
point of intersection of a light ray with an ellipsoid
surface can be calculated directly from the ellipsoid
semiaxes and the location of the light ray. For
circular cylinders, the search algorithm has to be
performed for the circular mantle and the top and
bottom facets, which is still much faster than for
polyhedrals.

The angular dependency of the scattered energy
can be described by the scattering phase function

P(p) = (209 — 1)Pye¢(6) + Pyie(0)], (1)

20y

where P.(0) denotes the phase function that is due
to the reflection or refraction events, Pg;(0) accounts
for diffraction at the particle projected area, and w,
denotes the single scattering albedo. For hexago-
nal cylinders, diffraction is calculated as described in
Ref. 5. For ellipsoidal and circular cylindric par-
ticles, one can solve diffraction by assuming an
equal-area circular aperture for each particle orien-
tation.

The anisotropy of the scattered radiation can be
described by the asymmetry parameter

g = (cos 0) = J‘“ P(6)cos 6 sin 6d6. (2)

Note that the application of the geometrical optics
approximation requires locally plane particle sur-
faces. As the size parameter (x = 27 size/wave-
length) decreases this condition is increasingly vio-
lated near particle edges and for curved particle
shapes. For large particles (x ~ 100), the contribu-
tion of rays scattered near the particle edges is small
compared to the total number of scattered rays.
According to Ref. 18 the errors in the reflection or
refraction processes induced by curvature effects are
of the order of AZ/RQ, i.e., smaller than 0.0005 for the
same size parameter, where R denotes the curvature
radius.

The present version of the ray-tracing model has
been carefully verified by comparing our results with
those obtained by exact methods. For spheres at
nonabsorbing wavelengths, the agreement in both
scattering phase function and polarization pattern
was excellent for size parameters above 10,000.



At absorbing wavelengths, the same agreement was
found for much smaller size parameters. Further-
more, we performed comparisons for moderately
absorbing spheroids and circular cylinders by using
the exact T-matrix method and also found excellent
agreement for size parameters above 60.1°

The shape of a regular hexagonal cylinder is
completely defined by its dimension along the symme-
try axis L, and a characteristic dimension of the
hexagonal base facet. The latter is usually defined
by the distance 2a; between two opposite points on
the hexagon. With regard to axis-equivalent ellip-
soids, we define a third value d = 3/2a, which is the
distance between opposite parallel lines of the hexa-
gon. Thus, the three semiaxes of the axis-equiva-
lent ellipsoid are (a,, b,,c.) = (L;/2, \/5/2%, ay/2).
Figure 1 shows a comparison of the shapes of hexago-
nal particles and axis-equivalent ellipsoids and circu-
lar cylinders for the aspect ratios ar = L,/(2a;) = 0.2,
1, and 5. For a circular cylinder, we use the same
dimensions L, = L; and a, = a, as for the hexagonal
cylinder to define the length of the symmetry axis
and radius of the circular base facets.

3. Nonabsorbing Particles

In order to study the dependency of light scattering
on particle shape only, diffraction and absorption,
which depend on size, are excluded in this section.
The refractive index is taken to be n = 1.311 + 0.0,
which corresponds to pure ice at a wavelength of A =
0.55 ym.2° Figure 2 demonstrates the basic differ-
ences in the scattering phase function P,.(0) for
axis-equivalent hexagonal cylinders, ellipsoids, and
circular cylinders. Results are shown for aspect
ratios ar = 0.2, 1, and 5, i.e., for platelike (or oblate),
compact, and columnlike (or prolate) particles. Of
course, none of the ellipsoidal shapes can produce
the 22° and 46° halos as well as the strong pro-
nounced forward scattering and backscattering,
which are characteristic for hexagonal crystals.
However, the phase function for circular cylinders as

Fig. 1. Particle shapes for axis-equivalent hexagonal crystals,
ellipsoids, and circular cylinders with aspect ratios ar = 0.2, 1,
and 5.
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Fig. 2. Ray-tracing phase functions P,.{0) for hexagonal cylinder
and axis-equivalent ellipsoids with aspect ratios ar = 0.2, 1, and
5. Results for ar = 0.2 and ar = 1 are multiplied by 10,000 and
100, respectively.

well as for ellipsoids with extreme aspect ratios
(@r = 0.2, 5) resembles smoothed phase functions of
their hexagonal counterparts, especially for oblate
ellipsoids. Unlike polyhedral crystals, ellipsoids and
circular cylinders exhibit a Mie-type smooth forward
scattering caused by the smooth changes in the
particles surface curvature. Side scattering is quite
similar for ellipsoids with extreme eccentricities and
the corresponding hexagonal crystals. On the other
hand, differences are largest for ar = 1, where the
ellipsoid behaves almost like a spherical particle,
showing the characteristic weak side scattering and
the rainbow maximum in the backscattering region.
The scattering maximum at approximately 80° scat-
tering angle for the oblate ellipsoid is a rainbow-type
feature as well. This feature shifts toward smaller
scattering angles as the aspect ratio departs from 1.
Circular cylinders show a 46° halo that is due to
minimum deviation at the 90° ice prisms. For ar =
0.2 and ar = 1, side scattering by circular cylinders is
surprisingly similar to that by the hexagonal crystals.
For these particle shapes, side scattering is basically
determined by external reflections (which have little
shape dependency) and by multiple (total) internal
reflections from parallel and rectangular facets.
Multiple internal reflections within the hexagonal or
circular mantle, which are basically the only differ-
ent ray paths for the two particle types, do not
contribute to side scattering. This is not the case
for the columnlike cylinders, for which the side
scattering by circular cylinders is clearly different
from that by hexagonal cylinders. On the other
hand, prolate ellipsoids and circular columns behave
similarly at a wide range of scattering angles.

None of the ellipsoids and circular cylinders shows
the enhanced backscattering at 150° scattering angle,
which is characteristic for hexagonal structures.
Strikingly, circular and hexagonal cylinders show
similar backscattering features at scattering angles
ranging from approximately 170° to approximately
180°. This scattering range can be determined by
retroreflections at rectangular crystal troughs that
both particle types have in approximately equal
amounts. Note that direct backscattering is always
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slightly larger for circular than for hexagonal cylin-
ders.

Examining the overall differences in the scatter-
ing features, it appears that circular cylinders be-
have more like hexagonal cylinders than ellipsoids.
The reason for this is that both circular and hexago-
nal cylinders show, contrary to ellipsoids, parallel
and rectangular crystal facets.

Figure 3 compares the dependency of the ray-
tracing asymmetry parameter g (excluding diffrac-
tion) on particle eccentricity e for the particle types
discussed above. € is defined as the ratio of the
largest to the smallest particle axis. Note that both
ellipsoids and circular cylinders generally have larger
values for g than their hexagonal counterparts.
The oblate particle types are in closer agreement
than the prolates. For oblates, the scattering fea-
tures are basically determined by direct transmis-
sions through (almost) plane-parallel facets that oc-
cur with almost the same frequency for circular and
hexagonal cylinders. With increasing eccentricity e
the g values of the two latter particle types converge
to the same value. Differences that are due to the
different ray paths at circular and hexagonal mantles
vanish as e increases. For oblate ellipsoids there
always remains a finite curvature that results in a
broader forward scattering behavior, which in turn
provides larger asymmetry parameters. The situa-
tion is exactly reverse for prolate particles in which,
with increasing €, the g values converge for ellipsoids
and circular cylinders. For these particle types,
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Fig. 3. Asymmetry parameter g for hexagonal and axis-
equivalent ellipsoidal particles as a function of particle eccentric-
ity e.
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scattering can be basically determined by circular
and ellipsoidal particle structures that converge
more and more as € increases. On the other hand,
the hexagonal mantle leads to a noticeably smaller
asymmetry parameter. This is due basically to the
enhanced backscattering at approximately 150° scat-
tering angle, which is not present for the smooth
circular and ellipsoidal particle shapes. Hexagonal
and circular cylindric particles provide a monoto-
nously increasing gle) curve, whereas ellipsoids show
alocal minimum at e ~ 2.5 for oblates and € ~ 1.5 for
prolates. Apparently, small deviations from the
spherical shape (e ~ 1) tend to decrease the asymme-
try parameter of ellipsoids. The reason for this is
that the rainbow peak broadens and moves toward
smaller scattering angles as the eccentricity departs
from 1. A further increase in € leads to a stronger
forward scattering at particle facets that become
more and more plane-parallel and g increases again.

Given these scattering differences between regu-
lar hexagonal cylinders, ellipsoids, and circular cylin-
ders, the question arises to what extent deviations
from a perfectly hexagonal symmetry lead to better
agreement. To answer this question, we consider a
statistical distortion of the crystal facets as dis-
cussed in Ref. 5. For each reflection or refraction
event, the normal vector of the crystal surface is
tilted around its original direction. The zenith (azi-
muth) tilt angle is chosen randomly between
[0, 6,m2x][0, 2m). The degree of crystal distortion is
defined as ¢ = 6,m2x/90°.

Figure 4 shows a comparison of the geometric
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Fig. 4. Scattering phase function P,0) (excluding diffraction) for
axis-equivalent hexagonal particles—with different degrees of
crystal distortion—, ellipsoids, and circular cylinders. Aspect
ratio is 0.2 and 5 for prolate and oblate particles, respectively.



scattering phase functions for axis-equivalent dis-
torted hexagonal columns and plates, ellipsoids, and
circular cylinders. Generally, increasing distortion
leads to better agreement in the forward scattering
region. However, differences at side scattering and
backscattering essentially remain. For circular ver-
sus hexagonal cylinders, differences in the backscat-
tering region even grow. Furthermore, increasing
distortion reduces the asymmetry parameter of hex-
agonal cylinders, i.e., moves it further apart from the
value for axis-equivalent ellipsoids and circular cyl-
inders. Altogether, the consideration of possible
crystal distortion does not enhance the similarities
in the scattering properties of individual particle

types.

4. Effects of Absorption

Two wavelengths, \; = 1.6 ym and \, = 3.7 pm, are
considered here, presenting spectral regions of differ-
ent absorptivity. The corresponding refractive indi-
ces are ny = 1.2895 + 13.53 X 104 and ny, = 1.394 +
16.85 X 1073.20 Unlike the results in Section 3, the
following results include diffraction. Hexagonal par-
ticles are defined by their maximum dimension d,.,
i.e., the length L; of the columns or the diameter 2a;,
of the plates. The values chosen for this study are
dmax = 25, 50, 100, 200, 400, and 800 pm. The
aspect ratio for columns and plates are taken from
the parameterization by Auer and Veal.?! In order
to minimize differences in the scattering properties
of individual particle types that are due to different
absorption, ellipsoids and circular cylinders are modi-
fied to obey the same effective distance d ¢ = V/ C as
their hexagonal counterparts.?? Here, V is the par-
ticle volume and C is its geometric cross section.
One can achieve this modification by multiplying the
axes of ellipsoids and circular cylinders by a certain
factor. Thus, the axis equivalence, as defined in
Section 3, must now be regarded as the axis-ratio
equivalence. All the particle dimensions used in
this section are listed in Table 1.

For simplicity reasons, we do not provide a discus-
sion of the scattering phase functions for the indi-
vidual particle types. We just note that the differ-
ences and similarities are of the same quality as for a
nonabsorbing wavelength (see Figs. 2 and 4), al-
though much smaller in magnitude. The reason for
this is that increasing absorption reduces the depen-
dency of light scattering on particle shape, since the
scattering properties are more determined by exter-
nal reflections. For randomly oriented convex par-
ticles, light scattering that is due to external reflec-
tions is independent of particle shape, contrary to
direct transmissions or (multiple) internal reflec-
tions.

Figure 5 shows single scattering albedos and
asymmetry parameters for the axis/deﬂ—equivalent
hexagonal, ellipsoidal, and circular cylindric particles.
First, note that o, for the three particle types does
not coincide perfectly. Apparently, a parameter such

Table 1. Dimensions (in micrometers ) of the Particles used in Section 4 ¢

Ly T L, Te a b c detr €

Plates
8.6 125 8.1 11.8 44 112 129 96 29
11.7 25.0 11.1 23.8 6.3 31.0 268 152 43
16.0 50.0 15,5 482 93 50.6 584 234 6.2
21.8 100.0 21.2 973 13.5 107.2 1238 348 9.2
29.8 200.0 29.2 196.1 19.3 2249 259.7 50.8 134
40.6 400.0 40.0 3944 274 467.3 5395 72.7 19.7
Columns
25.0 8.8 228 7.8 11.9 7.3 84 11.7 14
50.0 175 449 157 238 145 167 233 14
100.0 34.8 89.7 312 47.7 288 332 463 14

200.0 49.2 1779 438 97.0 413 477 702 20
400.0 69.6 353.4 615 198.0 59.7 689 1048 29
800.0 98.4 703.1 86.5 4043 86.1 99.5 154.0 4.1

aLy, ry, (L, r.) denote length and hexagon radius of the hexagonal
(circular) cylinders. a, b, and c are the ellipsoid semiaxes, and dg
is the effective distance. The dimensionless eccentricity e is also
shown.

as effective distance is no guarantee for obtaining
the same absorptivities, and shape-dependent differ-
ences in the internal ray paths cause different
energy attenuations. At both wavelengths, hexago-
nal columns are stronger absorbers than their
smooth-shaped counterparts. For plates, the situa-
tion is more or less reverse. However, the differ-
ences in w, between the three particle types are
rather small at both wavelengths. Thus, we believe
that the differences in g versus d 4 for individual
particle types as shown in the lower diagram of Fig. 5
are basically caused by the different particle shapes
rather than by different absorption.

At both wavelengths and for both columnlike and
platelike particles, circular cylinders show a more
similar g(d.y curve compared with hexagonal cylin-
ders than ellipsoids. This is especially true at the
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Fig. 5. Single scattering albedo and asymmetry parameter as a
function of effective distance for axis/d.y equivalent hexagonal
cylinder, ellipsoids, and circular cylinders. Results are shown for
A1 = 1.6 um (thick curves) and A\; = 3.7 um (thin curves).
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stronger absorbing wavelength of A\, (thin curves).
Note that the asymmetry parameters for hexagonal
and circular plates almost perfectly coincide at A\,
whereas oblate ellipsoids show considerably larger g
values here. Given the fact that distortion of hexago-
nal particles tends to decrease their asymmetry
parameter, these differences may get even larger.
Thus, in terms of asymmetry parameter, ellipsoids
do not seem to qualify as suitable representatives for
(absorbing) hexagonal particles. The situation is
much better for circular cylinders, which may be
regarded as reasonable substitutes, especially for
the stronger absorbing wavelength of \,.

5. Conclusions

The significant differences in light scattering at
hexagonal, ellipsoidal, and circular cylindric par-
ticles at a nonabsorbing wavelength (A = 0.55 um) do
not suggest the substitution of hexagonal particles
by the latter two geometries. The fact that all three
particle types exhibit a much larger asymmetry
parameter than predicted from flux measure-
ments't12 suggests that scattering at regular par-
ticle shapes—contrary to randomly shaped par-
ticles—is not always representative of real
atmospheric ice crystals at nonabsorbing wave-
lengths.

As a side product it was found that the concept of
an effective distance defined by the ratio of the
particle volume to its geometric cross section indeed
gives fairly good agreement in the single scattering
albedos for the three different particle types.

At absorbing wavelengths (\; = 1.6 pmand A\, = 3.7
um), the overall differences in the asymmetry param-
eter between the three particle types are similar to
those for the nonabsorbing case but are much smaller
in magnitude. In particular, hexagonal and circu-
lar plates show strong similarities. The best agree-
ment was found for the stronger absorbing wave-
length of N,. Although this agreement is due
basically to the smaller shape dependency at larger
absorption, the remaining shape dependency pro-
vides closer agreement between hexagonal and circu-
lar cylinders than between hexagonal and ellipsoidal
particles. Therefore, if ice crystals happen to be
hexagonal in shape, they can be approximated by
equivalent circular cylinders at moderately absorb-
ing wavelengths.

This result indicates that T-matrix calculations at
size parameters below the ray optics regime and at
similar or stronger absorbing spectral regions such
as the thermal infrared should favor cylindric par-
ticle shapes rather than spheroids.

We are grateful to two anonymous referees for
their helpful reviews. This research was supported
by the NASA First International Satellite Cloud

Climatology Project Regional Experiment III
project.
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